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Abstract—Soft data reasoning systems are important compo-
nents of more general hard and soft data fusion frameworks that
should satisfy at a minimum the following four requirements:
(1) uncertainty management, (2) semantic richness for soft data
representations, (3) computational speed, and (4) robustness
against conflicting evidence. Uncertain logic has been recently
introduced as a framework for soft data reasoning that can
potentially address each of these requirements. Uncertain logic is
a First-Order Logic (FOL) reasoning system based on Dempster-
Shafer (DS) theoretical models, a mathematical environment
that is well suited for addressing requirement (1). The FOL
environment directly targets suitable soft data representations, as
needed for (2). Uncertain logic, however, still needs improvements
for tackling (3) and (4). In this paper, we introduce a method for
addressing this need, which is based on formulating an uncertain
logic problem as a convex optimization problem. The application
of this method is shown through a case study on estimation and
tracking in a combined soft and hard data scenario.

I. INTRODUCTION

The search for solutions for fusion of hard data (i.e.,
provided by physical hardware sensors) and soft data (i.e.,
provided by humans) is an ongoing important task. It aims at
extending fusion systems to enable the analysis of increasingly
complex scenarios such as human population interactions and
trends, exchange of opinions, and to enhance detection and
tracking systems with human observers [1].

Recent advances in this area have rendered solutions for
location estimation of fixed targets [2], [3], joint tracking and
intent detection [4], tracking in urban environments [5], and
robot mapping [6]. The work in [4] introduced a framework
for Bayesian estimation/tracking with soft and hard data in
which the posterior is decomposed into a product of combining
functions that partition both the tracking state and the measure-
ment variables, as well as their corresponding soft and hard
components. This partition enables the integration of different
subsystems when results of these subsystems are expressed
through probability distributions. Then, existing Bayesian es-
timators that have proven to be reliable and computationally
efficient can be used for the processing of hard data, leaving
the processing of soft data to new techniques such as the logic-
based Markov Logic Networks (MLN) [7], Probabilistic Soft
Logic (PSL) [8], and our contribution, uncertain logic [9], [10].

As a relatively new field (compared to hard data pro-

cessing), soft data reasoning systems are still evolving to
incorporate increased robustness and more computationally
efficient methods. In general, these systems should meet four
basic requirements, namely: uncertainty management, seman-
tically rich soft data representations, computational speed, and
robustness against conflicting evidence.

The first of these requirements, refers to the proper mod-
eling of uncertainties in soft data, as well as tracking their
evolution in inference processes. The more qualitative nature
of soft data makes uncertainty management more challenging
than in the case of hard data. Representing uncertainties
using intervals, as enabled by Dempster-Shafer (DS) theory,
is an intuitive and advantageous alternative to conventional
probabilistic models for uncertainty management [4], [11].

The second requirement refers to preserving the largest
possible amount of semantic information from the original soft
data (which may be provided in the form of text entries, for
example) when building the corresponding representation in
the soft data fusion system. First Order Logic (FOL) becomes
relevant for addressing this requirement, as it preserves more
semantic information compared to other soft data representa-
tions (e.g., RDF graphs) [11].

The next requirement, computational speed, is critical, as it
is well known that logic reasoning systems are computationally
demanding. Then, alternatives for reducing complexity must be
considered. One of these alternatives is to solve a satisfiability
problem in which, instead of using inference rules (e.g.,
Modus Ponens) to derive conclusions and their associated
uncertainties, we find the logical values (or uncertainties) that
are unknown for the propositions in a set of logic formulas
(in our case, this set of formulas is the FOL representation of
the soft data) such that the full set of logic formulas (i.e., our
logic model) is true or satisfiable. The satisfiability problem
then enables soft data processing with large data sets, and is
the core of the reasoning algorithms in both MLN and PSL.

A final requirement is the robustness against conflicting
evidence. Note that conflicting evidence can easily lead to
contradictions that make a logic model unsatisfiable. This is
actually not an unlikely event in fusion that incorporates soft
data, as in this scenario we typically expect to receive large
quantities of information from humans with various degrees
of reliability or even with an intent for deception. The goal



is to be able to process conflicting evidence without relying
on drastic solutions (e.g., discarding both correct and incorrect
evidence indiscriminately).

A. Related Research

When addressing quantification and propagation of uncer-
tainty in logic reasoning systems, one of the most important
approaches is probabilistic logic [12]. Probabilistic logic pro-
vides a generalization of logic in which the truth values of
sentences are probability values (between 0 and 1). Proba-
bilistic logic programming [13] formulates linear programs
for probabilistic deduction in special cases of probabilistic
propositional logics. The MLN approach combines FOL and
Markov networks as undirected graphical models and assigns
weights to FOL formulas [7] whose truth value is represented
through probability values. Different methods for reasoning
using MLNs rely on gradient descent algorithms and Markov-
Chain Monte Carlo formulations. PSL also uses undirected
graphical models to represent templates for FOL formulas, and
represents truth values as a number in the interval [0, 1]. PSL,
however, restricts FOL formulas to conjunctive bodies. It relies
on the Lukasiewicz t-norm and its corresponding co-norm to
model AND and OR operations. Existing inference methods
for PSL are based on constrained optimization formulations,
or approximated maximum likelihood estimation [8].

Regarding the use of intervals as a means of representing
uncertainty, it appears in several methods, such as possibility
theory [14] and DS theory. The latter, in addition, incorporates
a rigorous methodology for assigning probabilistic measures
based on available evidence [15]. A number of researchers
have studied the relation of DS theory and logic. In [16], DS
theory is formulated in terms of propositional logic, enabling
certain logic reasoning operations in the DS framework. Insight
into the relationship between DS theory and probabilistic logic
is presented in [16]. A belief-function logic that uses DS
models and operations to quantify and estimate uncertainty
of logic formulas is introduced in [17]. Further analysis on
DS-based logic is presented in [18]. Uncertain logic [9],
[10] extends FOL reasoning using DS models while allowing
consistency with classical logic. Our work in this paper is
aimed at introducing a computationally efficient method for
DS-based logic reasoning that is robust against conflicting
evidence. In particular, we focus on the classically consistent
uncertain logic framework.

B. Contribution

In this paper we address the above mentioned requirements
and introduce a computationally efficient algorithm for the
processing of soft data in systems of hard and soft data fusion.
We address the first two challenges, uncertainty management
and preservation of the largest possible amount of information
from the original soft data, by focusing on the DS-based
uncertain logic framework. To address both complexity and
robustness against conflicting evidence, we aim at solving the
satisfiability problem associated with an uncertain logic model,
and formulate this problem as a convex optimization problem.
This significantly reduces the complexity of the problem and,
by defining a cost function that minimizes the uncertainty of
conflicting evidence, provides an increased level of robustness.
Combined with efficient Bayesian processors for hard data
processing, the proposed method can significantly improve the
performance of existing methods for hard and soft data fusion.

II. HARD AND SOFT DATA FUSION THROUGH

COMBINATIONS OF HARD AND SOFT SUBSYSTEMS

The filtering and prediction problem is typically formulated
based on a generic (discrete-time) stochastic filtering problem
in a dynamic state space form [19]:

xn = fn−1(xn−1,vn−1), (1a)

zn = hn(xn,wn), (1b)

where (1a) and (1b) are called state and measurement equa-
tions, respectively; the index n ∈ N is assigned to a
continuous-time instant tn; xn ∈ R

Nx represents the state
vector at time n, zn ∈ R

Nz is the measurement vector at
time n, vn and wn are the process and measurement noise,
respectively, and f : R

Nx 7→ R
Nx and h : R

Nx 7→ R
Nz are

possibly nonlinear functions. The objective is to find estimates
of xn based on the sequence of all available measurements

Zn , {zi, i = 1, 2, · · · , n}.

When considering fusion of hard and soft data, it is conve-
nient to clearly distinguish hard from soft data (measurements),
as well as hard state from “soft” state variables. We then define:
xn = (xh

n,xs
n) and zn = (zh

n, zs
n), where x

h
n represents

the vector of “hard” states at time n, x
s
n the vector of “soft”

states, z
h
n the vector of hard (i.e., physical) measurements,

and z
s
n is the vector of soft measurements or observations (in

traditional systems, zn = z
h
n and xn = x

h
n).

The combination of soft and hard data models can be
accomplished by representing the joint pdf p(xn,Zn) as a
normalized product of three (potentially decomposable) com-
bining functions Φh(·), Φh,s(·), and Φs(·) as follows [4]:

p(xn,Zn) = p(xh
n,xs

n,Zh
n,Zs

n)

= 1
K

Φh(xh
n,Zh

n) Φh,s(x
h
n,xs

n,Zh
n,Zs

n) Φs(x
s
n,Zs

n), (2)

where Φh(·) models the interactions between hard data and
hard states, Φs(·) models the interaction between soft data
and soft states, Φh,s(·) is a hybrid function that represents the
interactions between some hard and soft variables, and K is a
normalization factor.

The advantage of this partition of the joint probability func-
tion is that we can combine different models –the complexity
of each of the individual models may be significantly lower
than the complexity of a “global” model. This combination
enables enhancing existing hard-data probabilistic models with
soft data methods. The definition of possible combining func-
tions, as well as their integration into a reasoning system, is
described in [4]. In the remainder, we focus on the definition of
methods for processing of soft data that can be incorporated
into hard and soft data systems, such as the one described
above.

III. SOFT DATA PROCESSING USING UNCERTAIN LOGIC

A. Dempster-Shafer Theory

The basic concepts necessary to understand the reasoning
systems defined by uncertain logic are described next. For
details on DS Theory, we refer the reader to [20], [21].

Frame of Discernment (FoD). DS models are defined for
a discrete set of elementary events related to a given problem.
This set is called the Frame of Discernment (FoD). In general,
a FoD is defined as Θ = {θ1, θ2, . . . , θN}.



Basic Belief Assignment (BBA). A Basic Belief Assign-
ment or mass assignment is a mapping mΘ(·) : 2Θ → [0, 1]
such that:

∑
A⊆Θ mΘ(A) = 1 and mΘ(∅) = 0. The subsets

A such that m(A) > 0 are referred to as focal elements of the
BBA. The set of focal elements is the core FΘ. The triple
{Θ,FΘ,mΘ(·)} is referred to as Body of Evidence (BoE).

Belief and Plausibility. Given a BoE {Θ,F ,m}, the
belief function Bel : 2Θ → [0, 1] is defined as: BelΘ(A) =∑

B⊆A mΘ(B). The plausibility function Pl : 2Θ → [0, 1] is

defined as: PlΘ(A) = 1 − BelΘ(AC). The uncertainty of A
is: [BelΘ(A),PlΘ(A)].

Conditional Fusion Equation (CFE). The CFE combines

M BBAs as [22]: m(B) =
∑M

i=1

∑
Ai∈Ai

γi(Ai)mi(B|Ai),

where
∑M

i=1

∑
Ai∈Ai

γi(Ai) = 1. Here Ai = {A ∈ Fi :
Beli(A) > 0}, i = 1, . . . ,M. The conditionals are computed
using Fagin-Halperns’ Rule of Conditioning.

B. Uncertain Logic

Uncertain logic deals with logic propositions (ϕ1, ϕ2, . . .)
whose truth is uncertain [9]. The level of uncertainty is
modeled with DS theory, and is bounded in the range [0, 1].
In general, uncertain logic deals with expressions of the form:

ϕ(x), with uncertainty [α, β], (3)

where [α, β] refers to the corresponding confidence interval,
0 ≤ α ≤ β ≤ 1, x ∈ Θx, and Θx = {x1, x2, . . . , xn}. A DS
model for expression (3) can be defined over the logical FoD
Θϕ,x = {ϕ(x)×1, ϕ(x)×0}. This FoD contains two mutually
exclusive elements: the extent to which we are confident that
the property/proposition ϕ applies and does not apply to x,
respectively. When no confusion can arise, we represent the
elements of Θϕ,x as {x, x}. Using this FoD, a DS model that
captures the information in (3) is:

ϕ(x) : m(ϕ(x) × 1) = α; m(ϕ(x) × 0) = 1 − β;

m({ϕ(x) × 1, ϕ(x) × 0}) = β − α. (4)

which is equivalent to:

ϕ(x) : m(x) = α; m(x) = 1−β; m(Θϕ,x) = β−α, (5)

defined over the FoD Θϕ,x = {x, x}.

Logical Negation. Given an uncertain proposition ϕ(x)
defined as in (3), and its corresponding DS model defined
by (5), the logical negation of ϕ(x) is given by:

¬ϕ(x), with uncertainty [1 − β, 1 − α], (6)

where ¬ϕ(x) : mc(x) = 1−β;mc(x) = α;mc(Θϕ,x) = β−α.

Logical AND/OR. The CFE-based uncertain logic AND
is defined by [9]:

ϕ1(x) ∧ ϕ2(x) : m(x) = α; m(x) = 1 − β; and

m(Θϕ1,x × Θϕ2,x) = β − α, (7)

with α = min(α1, α2) and β = min(β1, β2). The correspond-
ing OR operation is defined by:

ϕ1(x) ∨ ϕ2(x) : m(x) = α; m(x) = 1 − β; and

m(Θϕ1,x × Θϕ2,x) = β − α, (8)

with α = max(α1, α2) and β = max(β1, β2).

Logic Implication. The implication rule ϕ1(·) =⇒ ϕ2(·)
is taken to have the following DS model [10]:

mϕ1→ϕ2
(·) = (mc

1 ∨ m2)(·) = (m1 ∧ mc
2)

c(·), (9)

over the FoD Θϕ1
× Θϕ2

.

Rules of Inference. Inference in uncertain logic shares
the fundamental principles of classical logic, and adds the
possibility of attaching, tracking, and propagating uncertainties
that may arise on premises and/or rules. A set of inference rules
in uncertain logic is described in [9].

C. Incorporating uncertain logic inference models into hard
and soft data fusion systems

Uncertain logic inference models render results that are

expressed through BBAs. Let us call m
h,s
j (·), j = 1, 2, . . . ,

the set of BBAs that model uncertain relations among hybrid
hard and soft data/states, and ms

k(·), k = 1, 2, . . . , the set of
BBAs that model relations among soft data and soft states.
Then, we can define the corresponding combining functions
as:

Φh,s(x
h
n,xs

n,Zh
n,Zs

n) = BetP(⊕jm
h,s
j (xh

n,xs
n,Zh

n,Zs
n)); and

Φs(x
s
n,Zs

n) = BetP (⊕kms
k(xs

n,Zs
n)) , (10)

where ⊕ is an appropriate fusion operator (e.g., the CFE), and
BetP(·) is a transformation from the DS-domain to the prob-

ability domain defined as [23]: BetP(x) =
∑

A⊆Θ;x∈A
m(A)
|A| ,

with |A| denoting the cardinality of the set A. This transfor-
mation is called the pignistic probability function. Other trans-
formations could also be used (e.g., plausibility transformation
[24]). It is also possible to replace the transformation function
with the belief or plausibility corresponding to the fused BBAs,
and to obtain lower and upper bounds of the probability
distributions that result from the combining functions.

IV. SCALABLE REASONING WITH UNCERTAIN LOGIC

As mentioned in Section I above, we can model soft
data as a set of FOL formulas working on propositions.
These propositions describe properties as they apply to some
variables. For example, the soft data statement “the airplane is
flying over prohibited airspace” could be expressed in logic as
∃x, y Airplane(x) ∧ FlyingOver(x, y) ∧ Prohibited(y),
where x is an object that belongs to a set of objects of
interest, and y is a point in a geographic area. FOL rep-
resentations of soft data can be obtained through NLP, and
their uncertainty intervals can be estimated based on inputs
such as the credibility of the source, accuracy of the parsing
process, learning processes, etc. Similarly, the uncertainty of
some propositions may be known due to their relation with
measurements/observations Zn. However, the uncertainty of
other propositions may be unknown due, for example, to their
connection with unknown states xn. Our problem is to estimate
the unknown uncertainty intervals.

This problem can be formalized as follows. Consider a
model defined by a set of n logic formulas F1, F2, . . . , Fn,
where each logic formula Fk, k ∈ {1, . . . , n} is the disjunction
of Nk1 + Nk2 logic propositions. Nk1 indicates the number
of propositions in Fk whose uncertainty intervals are known,
and Nk2 the number of propositions in Fk whose uncertainty
intervals are unknown. Then, each logic formula has the form



Fk : ϕK
k,1(·)∨. . .∨ϕK

k,Nk1
(·)∨ϕU

k,1(·)∨. . .∨ϕU
k,Nk2

(·), for k ∈
{1, 2, . . . , n}. Here, the superscript of a proposition is K if the
uncertainty of said proposition is known, or U if it is unknown.
Each logic formula Fk has a known uncertainty interval
[αFk

, βFk
]. Each of the propositions ϕK

k,i, i ∈ {1, . . . , Nk1}
has a known uncertainty interval [αK

k,i, β
K
k,i]. Similarly, each of

the propositions ϕU
k,i, i ∈ {1, . . . , Nk2} has an unknown uncer-

tainty interval [αU
k,i, β

U
k,i]. Then, the problem is to estimate the

uncertainty intervals [αU
k,i, β

U
k,i], k = 1, . . . , n, i = 1, . . . , Nk2.

The problem of finding the unknown uncertainty intervals
can be solved using logic inference (e.g., Modus Ponens) as
defined for uncertain logic in [9], [10]. This approach, however,
does not scale well, as this process maintains the complexity
inherent to classical logic inference (i.e., NP complexity). As
an alternative, we can try to solve the associated satisfiability
problem (see Section I above), which can be formulated as a
global optimization problem, as follows:

minimize
{[αU

k,i
,βU

k,i
]}

n∑

k=1

(αFk
− α∗

Fk
)2 + (βFk

− β∗
Fk

)2 (11a)

subject to

for all k ∈ {1, 2, . . . , n} :

α∗
Fk

= max(αK
k,1, . . . , α

K
k,Nk1

, αU
k,1, . . . , α

U
k,Nk2

); (11b)

β∗
Fk

= max(βK
k,1, . . . , β

K
k,Nk1

, βU
k,1, . . . , β

U
k,Nk2

); (11c)

0 ≤ α∗
Fk

≤ β∗
Fk

≤ 1; and (11d)

0 ≤ αU
k,i ≤ βU

k,i ≤ 1; i = 1, . . . , Nk2. (11e)

It is important to note the following:

• Cost function. The cost function in (11a) is based
on an l2 norm. However, the definition of the cost
function should not be considered restricted to l2
norms and other types of norms could be used to
enforce particular properties of the solution. If the
cost function evaluates to 0, then the logic model
is satisfiable. Otherwise, the cost function gives us a
metric of unsatisfiability of the model.

• Constraints. Constraints (11b) and (11c) model the
uncertainty of an OR operation in CFE-based uncer-
tain logic, as defined in Section III-B above. Simi-
lar constraints could be constructed to model logic
formulas that involve other logic operators. However,
the disjunctive model allows us to simplify the op-
timization problem, and does not limit the applica-
bility of the model as any logic expression can be
converted to a disjunctive model. Although negations
could be required in such conversions, their use is
straightforward. Constraints (11d) and (11e) condition
the uncertainty intervals to be defined as closed sets,
consistent with DS theory definitions.

• Conservative allocation of evidence. As mentioned
above, when the solution of the problem renders a cost
function equal to zero, the logic model is satisfiable. In
this case, there may be an infinite number of solutions
to the optimization problem, and an additional step
should be added to the reasoning process to enforce
minimal commitment in the output intervals. This step
may also be necessary if the cost function is not zero
and Nk2 > 1 for at least one k ∈ {1, . . . , n}.

Note that the optimization problem (11) is nonlinear. How-
ever, in some cases this problem can be converted into a convex
optimization problem. In particular, when Nk2 ≤ 1 (i.e., there
is at most one unknown interval in each logic formula), then
the problem (11) can be formulated as the following convex
optimization problem:

minimize
{[αU

k,i
,βU

k,i
]}

n∑

k=1

(αFk
− α∗

Fk
)2 + (βFk

− β∗
Fk

)2 (12a)

subject to

for all k ∈ {1, 2, . . . , n} :

αU
k,i = α∗

Fk
; βU

k,i = β∗
Fk

,∀i; (12b)

α∗
Fk

≥ αK
k,i,∀i; β∗

Fk
≥ βK

k,i,∀i; (12c)

0 ≤ α∗
Fk

≤ β∗
Fk

≤ 1; and (12d)

0 ≤ αU
k,i ≤ βU

k,i ≤ 1; i = 1, . . . , Nk2. (12e)

The complexity of the convex optimization problem can be
significantly less (even polynomial [25]) than the complexity
of the logic inference problem.

The solution found for the uncertainty intervals of unknown
propositions rendered by these optimization problems, together
with the information regarding the known uncertainty intervals,
define a DS model. If the unknown uncertainty intervals are
used to characterize states xn, and the known propositions
correspond to observations Zn and/or definitions of a soft-
data model, the optimization formulations can be used to
compute factors of the combining functions Φh,s and Φs in (2),
incorporating them into hard and soft data fusion systems.

V. APPLICATION EXAMPLE

To illustrate the application of the proposed method,
consider the scenario depicted in Figure 1. A commercial
aircraft arriving at an airport that is located at the coordinates
(25, 80) typically travels within a specific airport corridor,
which extends as is shown in the figure. In a landing operation,
the aircraft is expected to gradually decrease its altitude, and
to follow a straight path toward the airport. The position of the
aircraft is estimated by a radar located at (45, 85). The radar
has a 50-mile range. The security team at the airport needs
to be able to identify, in addition to the position and intended
destination of the aircraft, possible alert conditions such as a
medium-level alert triggered by a landing aircraft flying outside
of the airport corridor, or a high-level alert triggered when an
aircraft is flying toward the prohibited airspace Southeast of
the airport.

When an aircraft is within the radar range, a Bayesian
estimator provides estimates of location and acceleration. To
automatize the analysis of this hard data and other incoming
information, two experts provide a set of rules that model
operating conditions and may help refine location estimates
if the radar estimates fail. Overall, we consider a state vector
x = [x1,x2, . . . ,x10]

T , with (x1,x2,x3) and (x4,x5,x6)
defining the position and acceleration (along the x, y, and z
coordinates), respectively; (x7,x8,x9) defining the last known
position of an aircraft (right before it disappears from the radar,
states that become necessary for processing some soft data in
this example); and x10 being a discrete state that identifies
operating conditions as defined in Section V-A below.
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Fig. 1. Simulation scenario. Landing aircrafts should follow Trajectory 1
toward the airport. Other trajectories should trigger alerts to the security team
in the airport. The security team uses both hard data (radar reports) and
soft information (rules and human observers reports) to estimate location and
operation conditions (i.e., alerts).

TABLE I. EVENTS AND THEIR UNCERTAINTY FOR THE SIMULATION

SCENARIO. THESE EVENTS MAY BE USED AS PROPOSITIONS IN A SET OF

RULES DEFINED BY EXPERTS FOR THE ANALYSIS OF SOFT DATA.

Event Uncertainty

E1 Aircraft in the airport corridor [α1, β1]
E2 Aircraft traveling West toward the airport [α2, β2]
E3 Aircraft losing altitude [α3, β3]
E4 Aircraft identifies itself with the airport [α4, β4]
E5 Aircraft within 20 miles from the airport [α5, β5]
E6 Aircraft flying higher than 5000 ft [α6, β6]
E7 Aircraft flying lower than 500 ft [α7, β7]
E8 Aircraft recently disapeared from radar [α8, β8]
E9 Aircraft within 2 miles from the airport [α9, β9]
E10 Aircraft traveling toward prohibited airspace [α10, β10]
E11 Aircraft flying over prohibited airspace [α11, β11]
E12 Aircraft within 10 miles of the helicopter [α12, β12]
E13 Aircraft within 5 miles of landmark [α13, β13]
E14 Human observer #1 reports seeing an aircraft [α14, β14]
E15 Human observer #2 reports seeing an aircraft [α15, β15]
E16 Aircraft within 15 miles of last known position [α16, β16]
E17 Aircraft within 5 miles of human observer #1 [α17, β17]
E18 Aircraft within 5 miles of human observer #2 [α18, β18]
E19 Helicopter agent reports the aircraft is close to landmark [α19, β19]

A list of possible events, which become propositions of
the experts’ rules, are in Table I, and the set of rules provided
by the two experts is in Table II. Note that the uncertainty
in the estimates of operation conditions and location depend
on the uncertainty of both rules and events. Rules uncer-
tainties could be defined by the experts themselves. Those
uncertainties can also be weighted according to the credibility,
reliability, gathered evidence, etc. (see [11], for example), in
a process known in DS theory as evidence discounting. Event
uncertainties should be defined considering observations and/or
states, in a way that can be automated. For example, Figure 2
shows the evolution of E1 and E3 using a probabilistic
model. This scenario is characterized by an aircraft moving
at 140mph in a landing operation following Trajectory 2 (i.e.,
an aircraft temporarily leaving the airport corridor). Note
that the uncertainty of events can be provided as intervals.
Throughout this example, any rule for which we do not specify
an uncertainty is considered a perfect rule (i.e., α = β = 1).

Although multiple cases can be analyzed in this scenario,
here we focus on four main cases for illustration purposes,
namely: 1) Using the proposed method to estimate soft states;

TABLE II. RULES PROVIDED BY TWO EXPERTS FOR AUTOMATED

ANALYSIS IN THE SIMULATION SCENARIO. PROPOSITIONS IN THESE RULES

ARE DEFINED IN TABLE I. THE PROPOSITIONS C1 , C2 , AND C3

CORRESPOND TO DIFFERENT OPERATING CONDITIONS.

Rule Uncertainty

Expert #1

R101 (E1 ∧ E2 ∧ E3 ∧ E4) ∧ C1 [αR101, βR101]
R102 (E1 ∧ E2 ∧ E3 ∧ E4) ∧ ¬C2 [αR102, βR102]
R103 (E1 ∧ E2 ∧ E3 ∧ E4) ∧ ¬C3 [αR103, βR103]
R104 (E1 ∧ E2 ∧ ¬E3 ∧ E4) ∧ C2 [αR104, βR104]
R105 (¬E1 ∧ E2 ∧ E3 ∧ E4) ∧ C2 [αR105, βR105]
R106 (E1 ∧ E2 ∧ E3 ∧ ¬E4) ∧ C3 [αR106, βR106]
R107 (E1 ∧ E2 ∧ E5 ∧ E6) ∧ C3 [αR107, βR107]
R108 (¬E5 ∧ E7) ∧ C3 [αR108, βR108]
R109 (E7 ∧ E8 ∧ E9) ∧ C1 [αR109, βR109]
R110 (E7 ∧ E8 ∧ E9) ∧ ¬C2 [αR110, βR110]
R111 (E7 ∧ E8 ∧ E9) ∧ ¬C3 [αR111, βR111]

Expert #2

R201 E11 ∧ C3 [αR201, βR201]
R202 (¬E1 ∧ E10) ∧ C3 [αR202, βR202]
R203 (E1 ∧ E2 ∧ E3 ∧ ¬E4) ∧ C3 [αR203, βR203]
R204 (E1 ∧ E2 ∧ E3 ∧ ¬E4) ∧ ¬C1 [αR204, βR204]
R205 (E1 ∧ E2 ∧ E3 ∧ ¬E4) ∧ ¬C2 [αR205, βR205]
R206 (E8 ∧ ¬E9) ∧ C3 [αR206, βR206]
R207 (E8 ∧ ¬E9) =⇒ E16 [αR207, βR207]
R208 E14 =⇒ E17 [αR208, βR208]
R209 E15 =⇒ E18 [αR209, βR209]
R210 E19 =⇒ E13 [αR210, βR210]
R211 E12 ∧ C3 [αR211, βR211]
R212 ¬E12 ∧ C1 [αR212, βR212]
R213 ¬E12 ∧ ¬C2 [αR213, βR213]
R214 ¬E12 ∧ ¬C3 [αR214, βR214]
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Fig. 2. Probability of Events E1 and E3 through different time steps for an
aircraft following Trajectory 2. The time steps represent increments of 10s.
As an alternative, these events could also be characterized using uncertainty
intervals.

2) impact of rule uncertainties in the inference results; 3) ro-
bustness of the method when dealing with conflicting evidence;
and 4) using the proposed method to estimate probabilities in
location estimations (feeding hard data). Case 1 is analyzed
using the estimation of operating conditions, while the other
cases are analyzed using a location estimation case study. Each
of these cases is analyzed next. For each of these cases, we
define a soft data processing system using the information in
Tables I and II, and formulating the reasoning system using the
optimization models introduced in Section IV. The optimiza-
tion problems are solved using the CVX Matlab package [26].
The soft information is combined with hard data following the
approach described in Section II.
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Fig. 3. Uncertainty of events C1, C2, and C3, and their pignistic probability
transformations, for an aircraft following Trajectory 2 (i.e., temporarily leaving
the airport corridor).

A. Estimation of soft states

As mentioned above, the soft state x10 defines the condi-
tions for a nearby aircraft. x10 can take three possible values:
C1, which indicates normal operating conditions; C2, which
indicates a medium-level alert triggered by an aircraft running
away from the airport or running out of the airport corridor;
and C3, which indicates a high-level alert triggered by an
aircraft that is flying over or toward the prohibited airspace.
The uncertain rules R101 to R111, as well as R201 to R206

and R211 to R214, include C1, C2, and C3 as propositions
whose uncertainty is unknown. Processing these rules using
the proposed soft data inference method, provides estimated
uncertainties for these unknowns, in the form of a DS model
mx10

(Ci, Ej , R), with i = {1, 2, 3}, j = {1, 2, . . . , 19} and
R being the set of all rules listed in Table II. A combining
function Φs(Ci, Ej , R) = BetP(mx10

(Ci, Ej , R)), with BetP
being the pignistic probability transformation, can be used to
estimate x10 as needed for decision-making.

When an aircraft follows Trajectory 2 (i.e., temporarily go-
ing out of the airport corridor at a constant speed of 140mph),
the evolution of the uncertainties of C1, C2, and C3 is shown
in Figure 3. The uncertainties of the rules are as follows:
[αR101, βR101] = [αR102, βR102] = [αR103, βR103] = [0.9, 1],
[αR104, βR104] = [αR105, βR105] = [0.7, 1], [αR106, βR106] =
[0.95, 1], and [αR107, βR107] = [0.99, 1]. Note that, in this
case, and while the aircraft is out of the airport corridor, C2

is decided.

When an aircraft follows Trajectory 3 (i.e., deviates from
the regular landing route and goes toward the prohibited
airspace), the evolution of the uncertainties of C1, C2, and C3

is shown in Figure 4. The uncertainties of events and rules are
modeled as defined for the scenario of Figure 3. In this case,
note that, once the aircraft leaves the airport corridor and is
clear that it is directed toward the prohibited airspace, both C2

and C3 are equally likely events after the pignistic probability
transformation is applied. In this case, a state of high-alert C3

may be decided for x10, as this is the more relevant condition
in case of equally likely events.
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Fig. 4. Uncertainty of events C1, C2, and C3, and their pignistic probability
transformations, for an aircraft following Trajectory 3 (i.e., leaving the airport
corridor and flying toward the prohibited airspace).

B. Impact of rule uncertainties in the inference results

For the remainder of the analysis, consider a location
estimation problem (for states x1 = x and x2 = y), and
an aircraft following Trajectory 4, a path that goes outside
of the radar range. In this scenario, soft data in the form of
human observer reports become relevant. This soft data directly
impacts the events E12 to E15. The soft information can be
processed with the proposed method to render a DS model
mx(Ci, Ej , R), with i = {1, 2, 3}, j = {1, 2, . . . , 19} and R
being the set of all rules listed in Table II. Then, a combining
function Φh,s(x, y,Ej , R) = BetP(mx10

(x, y,Ej , R)) can
be incorporated in the estimator of location. In addition, a
combining function Φh(x,Z) is modeled using, for simplicity,
a Kalman filter that considers zero process noise and measure-
ment covariance noise σ2I , with σ2 = 0.2 and I the identity
matrix of size 6. The sampling period is 10s. Note that more
sophisticated Bayesian processors such as the particle filters
in [4] could be used to enhance the performance of the system.

A subset of events that are relevant for this scenario are
shown in Figure 5. At time step t = 215, the aircraft is still
within radar range. In this case, given that none of the human
observers have reported a sighting of the aircraft, the location
estimation is dominated by the output of the Kalman filter. The
estimation of location in this case is very precise, as is shown
in Figure 6.

Once the aircraft leaves the radar range, soft data received
from human observers becomes more relevant. At t = 215,
for example, human observer #2 reports seeing the aircraft.
Processing this soft information renders the uncertainty inter-
vals shown in Figure 7, where Expert #2 assigns an uncertainty
interval of [0.8, 0.9] to the information provided by this human
observer (this is done by setting the uncertainty interval of
R209. The uncertainties of R207, R208, and R210 are defined
as [0.7, 1], [0.8, 0.9], and [0.95, 1], respectively. The corre-
sponding probability of location for this time step is shown in
Figure 8. This result can significantly vary if the uncertainties
of the rules change. For example, if Expert #2 considers the
human observer #2 less reliable and defines his/her uncertainty
as [0.2, 0.95], the peak shown in Figure 8 is reduced, as is seen
in Figure 9.
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Fig. 5. Subset of events that become relevant for the location estimation of
an aircraft following Trajectory 4 (see Section V-B).
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at a given location at t = 215 for an aircraft following Trajectory 4. Note
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Fig. 8. Probability (normalized) of the aircraft being at a given location at
t = 215. The probability of location is heavily defined by the last known
location of the radar, as well as by the report of the human observer #2.
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Fig. 9. Probability of the aircraft being at a given location at t = 215 when
the reliability of human observer #2 is compromised. Note that the location
estimation area becomes wider, as the support provided by the human observer
is reduced (see Section V-B).

C. Robustness against conflicting evidence

As time progresses, additional reports from human ob-
servers are received. At time step t = 250, human observer
#1 is reporting seeing the aircraft, and a human observer from
the helicopter reports that the airplane is close to a particular
landmark. At this time, some information remnant from the
report by human observer #2 is still in the system, and it
conflicts with the new data. The probability of location is
shown in Figure 10, where it can be seen that the increased
evidence for the airplane being located in a place close to
(28, 28) makes this location more likely. This downgrades
the importance of conflicting evidence provided by human
observer #2.

D. Soft data aiding in the estimation of hard states

In a more stable environment with multiple soft observa-
tions, the combination of all of the soft observations using
the soft data inference method described above aids in the
estimation of location (hard states), as shown in Figure 11. In
this case, the probability of the target being at a given location
shows a very distinct peak around (28, 28).
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Fig. 10. Probability of the aircraft being at a given location at t = 250 for
an aircraft following Trajectory 4 (see Section V-C).
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Fig. 11. Probability of the aircraft being at a given location at t = 255
for an aircraft following Trajectory 4 (see Section V-D). The fusion of soft
information using the proposed method enables location estimation with soft
data. In this case, the probability function peaks around (28, 28).

VI. CONCLUSION

We introduced a new method for reducing computational
complexity and increasing robustness against conflicting ev-
idence in DS-based uncertain logic reasoning systems. The
new reasoning method is based on a convex optimization
formulation of the satisfiability problem associated with the
uncertain logic model. This method addresses existing limita-
tions in uncertain logic. When integrated into uncertain logic
frameworks for processing of soft data, the proposed method
supports meeting four fundamental requirements, namely, un-
certainty management (via DS-models) semantic richness for
soft data representations (through FOL models), computational
complexity, and robustness against conflicting evidence. We
illustrated the application of the proposed methodology in a
hard and soft data fusion scenario.
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